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Abstract

Anomalous diffusion is one of the most ubiquitous phenomena in nature, and it is present in a wide variety of physical
situations, for instance, transport of fluid in porous media, diffusion of plasma, diffusion at liquid surfaces, etc. The frac-
tional approach proved to be highly effective in a rich variety of scenarios such as continuous time random walk models,
generalized Langevin equations, or the generalized master equation. To investigate the subdiffusion of anomalous diffu-
sion, it would be useful to study a time fractional Fokker–Planck equation. In this paper, firstly the time fractional, the
sense of Riemann–Liouville derivative, Fokker–Planck equation is transformed into a time fractional ordinary differential
equation (FODE) in the sense of Caputo derivative by discretizing the spatial derivatives and using the properties of Rie-
mann–Liouville derivative and Caputo derivative. Then combining the predictor–corrector approach with the method of
lines, the algorithm is designed for numerically solving FODE with the numerical error Oðkminf1þ2a;2gÞ þOðh2Þ, and the
corresponding stability condition is got. The effectiveness of this numerical algorithm is evaluated by comparing its numer-
ical results for a ¼ 1:0 with the ones of directly discretizing classical Fokker–Planck equation, some numerical results for
time fractional Fokker–Planck equation with several different fractional orders are demonstrated and compared with each
other, moreover for a ¼ 0:8 the convergent order in space is confirmed and the numerical results with different time step
sizes are shown.
� 2007 Published by Elsevier Inc.
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1. Introduction

Fractional calculus [5,18,21,24,33,34], a three hundred years old mathematical topic, did not attract enough
attention till recent decades. Nowadays the fractional approach has been employed in more and more fields,
encompassing materials and mechanical, signal processing and systems identification, control and robotics,
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etc. [1]. Moreover, the rich fractional dynamical appearances are disclosed, for instance, viscoelasticity [22],
colored noise [29], boundary layer effects in ducts [37], electromagnetic waves [16], fractional kinetics
[23,38], electrode-electrolyte polarization [19], synchronization of chaos [9,10], and multi-directional multi-
scroll attractors [7,8]. In particular, the fractional approach also proved to be highly effective in continuous
time random walk models, generalized Langevin equations, or the generalized master equation [32]. The
advantage of the fractional model basically lies in the straightforward way of including external force terms
and of calculating boundary value problems [25].

Anomalous diffusion is one of the most ubiquitous phenomena in nature, and it is present in a wide variety
of physical situations, for instance, transport of fluid in porous media, surface growth, diffusion of plasma,
diffusion at liquid surfaces, two-dimensional rotating flow [4,15,25,36]. Mathematically, the variance of diffu-
sion behave as hx2ðtÞi � hxðtÞi2 � tc. The exponent c is equal to one for the normal diffusion case, for Lévy
flights, c is larger than one (but typically smaller than two), which is called superdiffusion, c ¼ 2 corresponds
to ‘‘allistic’’ motion, for example the particles of a bomb which is exploding, and it is called subdiffusion if c is
less than one which corresponds to the divergence of microscopic time scales in random walk schemes
[4,25,32,36,38]. Fractional derivatives play a key role in characterizing anomalous diffusion, including space
fractional Fokker–Planck (advection-dispersion) equation, time fractional Fokker–Planck equation, and
space and time fractional Fokker–Planck equation [2,3,15,17,20,23,25,26,30,32,36,38].

The Fokker–Planck equation (named after Adriaan Fokker and Max Planck) describes the time evolution
of the probability density function of position and velocity of a particle, which is one of the classical, widely
used equations of statistical physics. This paper mainly focuses on the numerical algorithm of time fractional
Fokker–Planck equation [2,3,17,31], being used to characterize subdiffusion,
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where P ðx; tÞ is the probability density, UðxÞ indicates the potential of overdamped Brownian motion, a prime
stands for the derivative w.r.t. the space coordinate, ja denotes the anomalous diffusion coefficient with phys-
ical dimension ½m2 s�a�, ga represents the generalized friction coefficient possessing the dimension ½kg sa�2�,
a 2 ð0; 1Þ throughout the paper except in the Appendix A where a > 0, and 0D1�a

t stands for the Riemann–
Liouville derivative of order 1� a, which is defined as follows
0D1�a
t P ðx; tÞ ¼ 1

CðaÞ
o

ot

Z t

0

ðt � sÞa�1P ðx; sÞds:
There are already some efforts for the analytical/numerical solution of (1). Using the technique of Laplace
transform, the analytical solution of (1) with force free, U 0ðxÞ � 0, is given in terms of a Fox function in
[35], and a simple transformation that maps the solution of the usual Fokker–Planck equation to the FFPE
is presented in [3]. Since the time fractional Fokker–Planck equation represents the continuous limit of a con-
tinuous-time random walk (CTRW) with the Mittag–Leffler residence time density [15], for arbitrary force
field the numerical solution of (1) was given in [17] based on the numerical simulation of CTRW. So far, it
seems that no published research takes account of the numerical scheme and detailed numerical error analysis
of time fractional Fokker–Planck equation. In the real world, parameters, for example the potential UðxÞ, are
usually spatially and/or temporally variable and so the Laplace transform cannot work well. In order to more
accurately predict the subdiffusion, a proper numerical model is required. This paper firstly transforms the
time fractional, the sense of Riemann–Liouville derivative, Fokker–Planck equation into a fractional ordinary
differential equation (FODE) in the sense of Caputo derivative by discretizing the spatial derivatives and using
the properties of Riemann–Liouville derivative and Caputo derivative. Then combining the predictor–correc-
tor approach [12,13] with the method of lines [26], the algorithm is designed for numerically solving FODE,
and the numerical error is Oðkminf1þ2a;2gÞ þOðh2Þ. The stability condition of this algorithm is strictly obtained.
The effectiveness of this numerical algorithm is evaluated by comparing its numerical results for a ¼ 1:0 with
the ones of directly discretizing classical Fokker–Planck equation, some numerical results for time fractional
Fokker–Planck equation with several different fractional orders are demonstrated and compared with each
other. Moreover, for a ¼ 0:8 the convergent order in space is confirmed and the numerical results with differ-
ent time step sizes are illustrated.
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2. Preliminaries

There are three kinds of widely used fractional derivatives, namely the Grünwald–Letnikov derivative, Rie-
mann–Liouville derivative, and the Caputo derivative. The first two fractional derivatives are equivalent if the
functions they perform are sufficiently smooth. The Riemann–Liouville integral, the Riemann–Liouville deriv-
ative, and the Caputo derivative are defined as follows: the Riemann–Liouville integral
0D�b
t xðtÞ ¼ 1

CðbÞ

Z t

0

ðt � sÞb�1xðsÞds; b > 0;
the Riemann–Liouville derivative
0Db
t xðtÞ ¼ 1

Cðm� bÞ
dm

dtm

Z t

0

ðt � sÞm�b�1xðsÞds; b 2 ½m� 1;mÞ;
and the Caputo derivative
Db
�xðtÞ ¼

1

Cðm� bÞ

Z t

0

ðt � sÞm�b�1 dmxðsÞ
dsm

ds; b 2 ðm� 1;mÞ;
where m 2 Zþ. And they have the following properties, where the limit is in the sense of pointwise and xðtÞ
satisfies the requirements that the corresponding fractional/classical differentiation/integration performed
on xðtÞ are meaningful and t is strictly positive, letting 0D�n

t xðtÞ represent n degree integral in the interval ½0; t�,
lim
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that is classical integrals and derivatives can be continuously ‘‘connected’’ by the Riemann–Liouville integral
and derivative ð0D�b

t ; b 2 RÞ but Caputo derivative can not do this.
Since P ðx; tÞ in (1) is at least a continuous function w.r.t. t, then
0Da�1
t 0D1�a

t P ðx; tÞ ¼ P ðx; tÞ � ½0Da�1
t P ðx; tÞ�t¼0

ta�1

CðaÞ ¼ Pðx; tÞ;
this is because
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where M ¼ maxt2½0;T �P ðx; tÞ for fixed x, and T is any small fixed positive number.
So letting 0Da�1

t act on both sides of (1), we find
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Now recall and slightly improve the predictor–corrector approach for the following fractional ordinary differ-
ential equation [12,13,27,28],
Da
�yðtÞ ¼ f ðyðtÞ; tÞ; yð0Þ ¼ y0; ð3Þ
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which is equivalent to the Volterra integral equation [11],
yðtÞ ¼ y0 þ
1

CðaÞ

Z t

0

ðt � sÞa�1f ðyðsÞ; sÞds ð4Þ
in the sense that a continuous function is a solution of the initial value problem (3) if and only if it is a solution
of (4).

For the numerical computation of (4), use the product trapezoidal quadrature formula to replace the inte-
gral, where nodes tj ðj ¼ 0; 1; 2; . . . ; nþ 1Þ are taken w.r.t. the weight function ðtnþ1 � �Þa�1, i.e., apply the
approximation
Z tnþ1

0

ðtnþ1 � sÞa�1gðsÞds �
Z tnþ1

0

ðtnþ1 � sÞa�1~gnþ1ðsÞds; ð5Þ
where ~gnþ1 is the piecewise linear interpolation for g with nodes and knots chosen at tj; j ¼ 0; 1; 2; . . . ; nþ 1.
Using the standard techniques from quadrature theory, the integral on the right hand of (5) can be written as
Z tnþ1

0

ðtnþ1 � sÞa�1~gnþ1ðsÞds ¼ ka

aðaþ 1Þ
Xnþ1

j¼0

aj;nþ1gðtjÞ; ð6Þ
where
aj;nþ1 ¼
naþ1 � ðn� aÞðnþ 1Þa; if j ¼ 0;

ðn� jþ 2Þaþ1 þ ðn� jÞaþ1 � 2ðn� jþ 1Þaþ1
; if 1 6 j 6 n;

1; if j ¼ nþ 1

8><>: ð7Þ
and k is the step length, i.e., k ¼ tjþ1 � tj. That is to numerically approximate (4) by using the corrector
formula
ykðtnþ1Þ ¼

y0 þ ka

Cðaþ2Þ f ðyPr
k ðt1Þ; t1Þ þ a � f ðykðt0Þ; t0Þ

� �
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if n P 1:

8>>>><>>>>: ð8Þ
The remaining problem is the determination of the predictor formula used to calculate the values xPr
k ðt1Þ and

xPr
k ðtnþ1Þ. This needs to apply the numerical approximation, being different from [12,13],
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where ~gn is the piecewise linear interpolation for g with nodes and knots chosen at tj; j ¼ 0; 1; 2; . . . ; n. Sim-
ilarly using the standard quadrature technique, the right hand side of (9) can be recast as
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So the predictor formula for the numerical approximation of (4) is
yPr
k ðtnþ1Þ ¼

y0 þ ka

Cðaþ1Þ f ðykðt0Þ; t0Þ; if n ¼ 0;
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if n P 1:
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Combining (8) and (12), the new version predictor–corrector approach for solving (3) is got, which has numer-
ical accuracy Oðkminf1þ2a;2gÞ, for details, see the Appendix A. Comparing with the original version, the present
predictor–corrector approach has two benefits: 1. for the predictor formula, the numerical approximation is
more accurate since the product trapezoidal quadrature rule is used instead of the product rectangle one for
the integral in the interval ½0; tn�, and finally the numerical accuracy is improved from Oðkminf1þa;2gÞ to
Oðkminf1þ2a;2gÞ, 2. almost half of the computational cost is reduced because the most expensive computationPn�1

j¼0 aj;nþ1f ðykðtjÞ; tjÞ just need to be computed one times rather than two times. Since fractional derivatives
are non-local operators, the computational cost for (3) becomes Oðn2Þ where n is the number of points used
to compute. But based on the short memory principle of fractional derivatives, it is possible to reduce the com-
putational cost to Oðn log nÞ [6,14].
3. Numerical algorithm for the time fractional Fokker–Planck equation

Combining the predictor–corrector approach with the idea of method of lines, the numerical scheme for (2)
is devised and evaluated in this section. First rewrite (2) and present the initial and boundary conditions to (2)
as follows:
Da
�P ðx; tÞ ¼

U 00ðxÞ
ga

P ðx; tÞ þ U 0ðxÞ
ga

o

ox
P ðx; tÞ þ ja

o2

ox2
Pðx; tÞ; x 2 ðc; dÞ; t 2 Rþ; ð13Þ

P ðx; 0Þ ¼ wðxÞ; x 2 ½c; d�; ð14Þ
P ðc; tÞ ¼ u1ðtÞ; P ðd; tÞ ¼ u2ðtÞ; t P 0; ð15Þ
where u1ðtÞ;u2ðtÞ; and wðxÞ are given functions.
Using the second-order accuracy finite difference scheme to discretize the spatial derivatives o

ox and o2

ox2, and
taking the space step length h, (13) can be cast into the following fractional ordinary differential equation
Da
�P ðx; tÞ ¼

U 00ðxÞ
ga

P ðx; tÞ þ 1

2h
U 0ðxÞ

ga

� ðP ðxþ h; tÞ � P ðx� h; tÞÞ þ ja
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� 	
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� 2ja

h2

� 	
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2h
U 0ðxÞ
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h2

� 	
� P ðxþ h; tÞ:

ð16Þ
Hereafter, denote xi ¼ cþ ih, x0 ¼ c, and x
L¼ðd�cÞ

h
¼ d. Based on the predictor–corrector approach for numer-

ical solving fractional ordinary differential equation in the last section and the idea of method of lines, the
computational scheme for (16) with initial and boundary conditions (14) and (15) is devised as follow.

The starting (first) predictor step is
P Pr
h;kðxi; t1Þ ¼ wðxiÞ þ ka

Cðaþ1Þ �
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� wðxiÞ



þ 1

2h
U 0ðxiÞ

ga
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�
;

8><>: ð17Þ
where i ¼ 1; 2; . . . ;L� 1.
The starting (first) corrector step has
P h;kðxi; t1Þ ¼ wðxiÞ þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxiÞ
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 �
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 �
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� 2ja
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h;kðxiþ1; t1Þ þ a � wðxiþ1ÞÞ;

8>>>><>>>>: ð18Þ
where i ¼ 1; 2; . . . ;L� 1, P Pr
h;kðx0; t1Þ ¼ u1ðt1Þ, and P Pr

h;kðxL; t1Þ ¼ u2ðt1Þ.
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The remaining predictor and corrector steps are given as follows. First, some temporary variables that need
to be computed are: temp0 ¼

Pn�1
j¼0 aj;nþ1u1ðtjÞ; tempi ¼

Pn�1
j¼0 aj;nþ1P h;kðxi; tjÞ; i ¼ 1; 2; . . . ; L� 1; tempL

¼
Pn�1

j¼0 aj;nþ1u2ðtjÞ:
The remaining predictor steps have
P Pr
h;kðxi; tnþ1Þ ¼ wðxiÞ þ ka

Cðaþ2Þ � ð2
aþ1 � 1Þ � ja

h2 � 1
2h

U 0ðxiÞ
ga
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2h

U 0ðxiÞ
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� tempiþ1;

8>>>>>>>>>>>><>>>>>>>>>>>>:
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where i ¼ 1; 2; . . . ; L� 1; P h;kðx0; tnÞ ¼ u1ðtnÞ; and P h;kðxL; tnÞ ¼ u2ðtnÞ.
The remaining corrector steps are
P h;kðxi; tnþ1Þ ¼ wðxiÞ þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxiÞ
ga


 �
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ga


 �
� tempi�1 þ

U 00ðxiÞ
ga
� 2ja

h2


 �
� tempi


 �
þ ka

Cðaþ2Þ � 1
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where i ¼ 1; 2; . . . ; L� 1, P h;kðx0; tnÞ ¼ u1ðtnÞ, P Pr
h;kðx0; tnþ1Þ ¼ u1ðtnþ1Þ, P h;kðxL; tnÞ ¼ u2ðtnÞ, and P Pr

h;kðxL; tnþ1Þ ¼
u2ðtnþ1Þ.

Thus the description of the numerical algorithm for (13) with initial and boundary conditions (14) and (15)
has been completed. In the following, we analyze the numerical stability and convergent order of the algo-
rithm. To express (19) and (20) by matrix form, denote
dli ¼
ja

h2
� 1

2h
U 0ðxiÞ

ga

; dci ¼
U 00ðxiÞ

ga

� 2ja

h2
; dri ¼

1

2h
U 0ðxiÞ

ga

þ ja

h2
; i ¼ 1; 2; . . . ; L� 1;

C ¼

dc1
dr1

0 � � � 0 0

dl2
dc2

dr2
� � � 0 0

. .
. . .

. . .
.

0 0 � � � dlL�2
dcL�2

drL�2

0 0 � � � 0 dlL�1
dcL�1

0BBBBBBBBB@

1CCCCCCCCCA
; Ph;kðtnÞ ¼

P h;kðx1; tnÞ
P h;kðx2; tnÞ

..

.

P h;kðxL�2; tnÞ
P h;kðxL�1; tnÞ

0BBBBBBBBB@

1CCCCCCCCCA
;

PPr
h;kðtnÞ ¼

P Pr
h;kðx1; tnÞ

P Pr
h;kðx2; tnÞ

..

.

P Pr
h;kðxL�2; tnÞ

P Pr
h;kðxL�1; tnÞ

0BBBBBBBBB@

1CCCCCCCCCA
; U ¼

uðx1Þ
uðx2Þ

..

.

uðxL�2Þ
uðxL�1Þ

0BBBBBBBB@

1CCCCCCCCA
; FðtnÞ ¼

dl1
u1ðtnÞ
0

..

.

0

drL�1
u2ðtnÞÞ

0BBBBBBBB@

1CCCCCCCCA
;
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PðtnÞ ¼

P ðx1; tnÞ
P ðx2; tnÞ

..

.

P ðxL�2; tnÞ
P ðxL�1; tnÞ

0BBBBBBB@

1CCCCCCCA
; and it can be noted that Pðt0Þ ¼ Ph;kðt0Þ ¼ U:
Now the matrix forms of (19), (20), and their integration are as follows:
PPr
h;kðtnþ1Þ ¼ Uþ ð2

aþ1 � 1Þka

Cðaþ 2Þ ðCPh;kðtnÞ þ FðtnÞÞ þ
ka

Cðaþ 2Þ umn�1
j¼0 aj;nþ1ðCPh;kðtjÞ þ FðtjÞÞ; ð190Þ

Ph;kðtnþ1Þ ¼ Uþ ka

Cðaþ 2Þ ðCPPr
h;kðtnþ1Þ þ Fðtnþ1ÞÞ þ

ka

Cðaþ 2Þ
Xn

j¼0

aj;nþ1ðCPh;kðtjÞ þ FðtjÞÞ: ð200Þ
Substituting (19 0) into (20 0), we get
Ph;kðtnþ1Þ ¼ 1þ ka

Cðaþ 2ÞC
� 	

Uþ ð2aþ1 � 1Þk2a

C2ðaþ 2Þ
Cþ ð2

aþ1 � 2Þka

Cðaþ 2Þ

� 	
ðCPh;kðtnÞ þ FðtnÞÞ

þ k2aC

C2ðaþ 2Þ
þ ka

Cðaþ 2Þ

� 	Xn�1

j¼0

aj;nþ1ðCPh;kðtjÞ þ FðtjÞÞ þ
kaFðtnþ1Þ
Cðaþ 2Þ : ð21Þ
Assume matrix C can be diagonalized, then the necessary and sufficient condition for the stability of compu-
tational scheme (21) is:
ð2aþ1 � 1Þk2a

C2ðaþ 2Þ
k2

i þ
ð2aþ1 � 2Þka

Cðaþ 2Þ ki

���� ���� 6 1; ð22Þ
where ki; i ¼ 1; 2; . . . ; L� 1 are the eigenvalues of C.
In view of Gerschgorin Circle Theorem, jkij 6 jdli j þ jdci j þ jdri j. So we have the following theorem.

Theorem 3.1. Assume matrix C can be diagonalized, the numerical algorithm (17)–(20) (or (21)) for (13) is stable

if
ð2aþ1 � 1Þk2a

C2ðaþ 2Þ~h4
þ ð2

aþ1 � 2Þka

Cðaþ 2Þ~h2

 !
6 1;
where 1=~h2 ¼ maxi¼1;2;...;L�1fjdli j þ jdci j þ jdri jg.

Remark 3.1. Assume U 00ðxÞ=gaðx 2 ½c; d�Þ is bounded, then the numerical algorithm (17)–(20) is stable if
ka

h2
< C;
where C is a suitable constant.

Theorem 3.2. Let the computational scheme satisfy (22) and assume Da
�P ð�; tÞ 2 C2½0; T � for some suitable T, then
max
i¼0;1;...;L;n¼0;1;...;N

jP ðxi; tnÞ � P h;kðxi; tnÞj ¼ Oðkminf1þ2a;2gÞ þOðh2Þ;
where N is the number of steps which are computed in the time direction.

Proof. We will prove that for sufficiently small k and h,
kPðtjÞ � Ph;kðtjÞk < C1kminf1þ2a;2g þ C2h2 ð23Þ
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for all j 2 f0; 1; � � � ;Ng, where kPðtjÞ � Ph;kðtjÞk ¼ maxi¼0;1;...;LjP ðxi; tjÞ � P h;kðxi; tjÞj, C1 and C2 are suitable
constants. Assume that (23) holds for j ¼ 0; 1; . . . ; n, n 6 N � 1, we prove the inequality is true for
j ¼ nþ 1, some of the following estimations are similar to the estimations in Appendix A, so the details
are omitted. The error of predictor PPr

h;kðtnþ1Þ can be found that
Fig. 1.
Planck
paper’
kPðtnþ1Þ � PPr
h;kðtnþ1Þk

¼ 1

CðaÞ

Z tnþ1

0

ðtnþ1 � sÞa�1ðCPðsÞ þ FðsÞ þOðh2ÞÞds� ka

aðaþ 1Þ
Xn

j¼0

bj;nþ1ðCPh;kðtjÞ þ FðtjÞÞ
�����

�����
6

1

CðaÞ

Z tnþ1

0

ðtnþ1 � sÞa�1ðCPðsÞ þ FðsÞ þOðh2ÞÞds� ka

aðaþ 1Þ
Xn

j¼0

bj;nþ1ðCPðtjÞ þ FðtjÞÞ
�����

�����
þ 1

CðaÞ
ka

aðaþ 1Þ
Xn

j¼0

bj;nþ1ðCPðtjÞ þ FðtjÞÞ �
ka

aðaþ 1Þ
Xn

j¼0

bj;nþ1ðCPh;kðtjÞ þ FðtjÞÞ
�����

�����
6 ðeC1k1þa þOðh2ÞÞ þ ðeC2k1þ2a þ eC3h2Þ 6 eC3k1þa þ eC4h2: ð24Þ
On the basis of the error bound (24) for the predictor, the corrector error is argued as
kPðtnþ1Þ � Ph;kðtnþ1Þk

¼ 1

CðaÞ

Z tnþ1

0

ðtnþ1 � sÞa�1ðCPðsÞ þ FðsÞ þOðh2ÞÞds

���� � ka

aðaþ 1Þ
Xn

j¼0

aj;nþ1ðCPh;kðtjÞ þ FðtjÞÞ

� ka

aðaþ 1Þ CPPr
h;kðtnþ1Þ þ FðtnÞ


 �����
6

1

CðaÞ

Z tnþ1

0

ðtnþ1 � sÞa�1ðCPðsÞ þ FðsÞ þOðh2ÞÞds� ka

aðaþ 1Þ
Xnþ1

j¼0

aj;nþ1ðCPðtjÞ þ FðtjÞÞ
�����

�����
þ ka

Cðaþ 2Þ
Xn

j¼0

aj;nþ1 CPðtjÞ � CPh;kðtjÞ
�� ��þ ka

Cðaþ 2Þ CPðtnþ1Þ � CPPr
h;kðtnþ1Þ

��� ���
6 ðeC5k2 þOðh2ÞÞ þ ðeC6k1þ2a þ eC7h2Þ þ ðeC8k1þ2a þ eC9kah2Þ 6 C1kminf1þ2a;2g þ C2h2:
The proof is complete. h

Remark 3.2. The computational scheme (17)–(20) can be changed to the version presented in Appendix B.

Remark 3.3. Our algorithm has an OðLN 2Þ arithmetic complexity because of the non-local property of frac-
tional derivatives. As being pointed out in the preliminary section, based on the short memory principle of
fractional derivatives it is possible to reduce the computation cost to OðLN log NÞ, for more details, the reader
can refer to [6,14].
1.0 3.5 6.0 8.5 11 13.5
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0.094

0.096

0.098

0.1

0.102

0.104

0.106

0.108
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P
(x

,1
)

classical
fractional

The comparison of numerical solutions of our algorithm with the ones of directly discretizing the corresponding classical Fokker–
equation, where ‘Æ’ stands for the solution of directly discretizing the classical equation and ‘—’ stands for the solution of this

s algorithm with a ¼ 1:0. The parameter values h ¼ 0:05; k ¼ 0:0001, and N ¼ 10000 are taken in these two algorithms.
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4. Effectiveness of numerical algorithm

We first take smooth initial and boundary conditions to verify our theoretical analysis, then simulate the
real physical cases with initial d distribution.

The numerical solutions of Eq. (13) with initial and boundary conditions (14) and (15) are considered with
Table
Experi

h

1.0000
0.5000
0.2500
0.1250
0.0625

Table
Experi

k

0.0001
0.0000
0.0000
0.0000
UðxÞ ¼ cosx�Fx; F ¼ 6; ga ¼ 6; ja ¼ 2; c¼ 1; d ¼ 11; wðxÞ � 0:10; u1ðtÞ � 0:10; u2ðtÞ � 0:10:
Using above parameter values, Fig. 1 shows the comparison of the numerical results for our algorithm, choos-
ing a ¼ 1:0, with the counterpart of directly discretizing the corresponding classical Fokker–Planck equation.
Here we suppose the numerical solution with k ¼ 0:000015 and h ¼ 0:03125 is exactly equals to the analytical
solution P ðxi; tnÞ. Table 4.1 includes numerical calculations for a ¼ 0:8; k ¼ 0:000015; and T ¼ 0:3 with dif-
ferent space step sizes which support the predicted order of convergence in space, and in Table 4.2 we take
a ¼ 0:8; h ¼ 0:0625; T ¼ 0:3, and use different time step sizes, the numerical results show the error induced
in the time discretization is immerged by the error aroused in the space discretization for ensuring the stability
of the numerical scheme.

To simulate the real physical systems with absorbing boundary conditions, we take the values of parameters
as (the initial condition is d distribution)
UðxÞ ¼ cos x� Fx; F ¼ 6; ga ¼ 6; ja ¼ 2; c ¼ �2:8; d ¼ 3:2; wðxÞ ¼ dðx� 0:2Þ; u1ðtÞ ¼ u2ðtÞ � 0:
Fig. 2 displays the results with fractional order a ¼ 0:4; 0:5; 0:6; 0:7; 0:8; 0:9; 1:0, respectively, as it can be
seen that the cusps are appeared for the non-classical cases: a 6¼ 1:0, and when a becomes smaller the decay
grows slower.

5. Conclusions

In this paper, a numerical algorithm for solving time fractional Fokker–Planck equation has been described
and demonstrated. First based on the properties of Riemann–Liouville derivative and Caputo derivative, the
original time fraction Fokker–Planck equation with Riemann–Liouville derivative is transformed into a FODE
with time Caputo derivative, then combining the fractional predictor–corrector approach with the idea of
method of lines, the numerical scheme is designed and its numerical stability condition and convergent rate
are rigorously proved. This algorithm has been tested against the time fractional Fokker–Planck equation with
a ¼ 1:0. Good agreement between the numerical solutions of this algorithm and the ones of directly discretizing
the classical Fokker–Planck equation has been noted. Some numerical results for several different fractional
4.1
mental results for a ¼ 0:8, k ¼ 0:000015, and T ¼ 0:3

maxi¼0;1;...;LjPðxi; 0:3Þ � P h;kðxi; 0:3Þj Convergent rate

0.0352
0.0088 2.0000
0.0022 2.0000
5:1969	 10�4 2.0818
1:0394	 10�4 2.3219

4.2
mental results for a ¼ 0:8, h ¼ 0:0625, and T ¼ 0:3

maxi¼0;1;...;LjP ðxi; 0:3Þ � P h;kðxi; 0:3Þj
2 2:0425	 10�4

6 1:4622	 10�4

3 1:1795	 10�4

15 1:0394	 10�4
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Fig. 2. The evolution of Pðx; tj0:2; 0Þ with absorbing boundary conditions, where the solid line ‘—’ stands for the solution when t ¼ 0:3,
the dashdot line ‘– Æ–’ stands for the solution when t ¼ 0:6, and the dashed line ‘––’ stands for the solution when t ¼ 1:0.
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orders have also been displayed and compared with each other. Moreover, the convergent rate in the space direc-
tion is confirmed by the numerical calculations and it should especially be noted that for ensuring the numerical
scheme’s stability the error aroused in time discretization is immerged by the error in the space discretization. At
last but not the least, the algorithm of this paper can be easily extended to the general time fractional partial
differential equation that can be converted into a system of FODE with time Caputo derivatives.
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Appendix A

First, we prove the approximation accuracy of (9). Using the Mean Value Theorem of differential calculus,
we have the quadrature error of the second term of the right hand side of (9),
Z tnþ1

tn

ðtnþ1 � sÞa�1ðgðsÞ � gðtnÞÞds

���� ���� 6 kg0k1 Z tnþ1

tn

ðtnþ1 � sÞa�1ðs� tnÞds ¼ kg0k1
aðaþ 1Þ k

aþ1 ð25Þ
and for the quadrature error of the first term, we derive
Z tn

0

ðtnþ1 � sÞa�1ðgðsÞ � ~gnðsÞÞds

���� ���� 6 kg00k2

Xn

j¼1

Z tj

tj�1

ðtnþ1 � sÞa�1ðtj � sÞðs� tj�1Þds :

¼ kg
00kkaþ2

2aðaþ 1Þ
Xn

j¼1

ðn� jþ 2Þaþ1 þ ðn� jþ 1Þaþ1 þ 2

aþ 2
ðn� jþ 1Þaþ2 � ðn� jþ 2Þaþ2

 �� 	

¼ kg
00kkaþ2

2aðaþ 1Þ
Xn

j¼1

ððjþ 1Þaþ1 þ jaþ1Þ þ 2

aþ 2
ð1� ðnþ 1Þaþ2Þ

 !

¼ kg
00kkaþ2

2aðaþ 1Þ 2

Z nþ1

1

saþ1 ds�
Xn

j¼1

ðjþ 1Þaþ1 þ jaþ1

 � !

6

kg00kkaþ2

24

Pn
j¼1

ja�1; if a < 1;

kg00kkaþ2

24

Pn
j¼1

ðjþ 1Þa�1
; if a P 1

8>>><>>>:
6

kg00kkaþ2

24

R n
0

sa�1 ds; if a < 1;

kg00kkaþ2

24

R nþ2

2
sa�1 ds; if a P 1

8<: 6 Ck2; ð26Þ
where C is a constant.
So, the approximation accuracy of (9) is Oðkminf1þa;2gÞ. Now in view of Theorem 2.5 and Lemma 3.1 of [13],

we get the following theorem.

Theorem A. For the fractional initial value problem
Da
�yðtÞ ¼ f ðt; yðtÞÞ; yðiÞð0Þ ¼ yðiÞ0 ; i ¼ 0; 1; . . . ; dae � 1;
assume Da
�y 2 C2½0; T � for some suitable T, then
max
06j6N

jyðtjÞ � yjj ¼
Oðk2Þ; if a P 0:5;

Oðk1þ2aÞ; if 0 < a < 0:5:

(
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Appendix B

The computational scheme (17)–(20) is changed, maybe improved, under the guidelines: the product trapezoi-
dal formula is used rather than the product rectangle formula, and the updating value obtained from corrector
formula is applied in place of the value computed from predictor formula. It appears below.

The starting (first) predictor step is
P Pr
h;kðxi; t1Þ ¼ wðxiÞ þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxiÞ
ga


 �
� ðP Pr

h;kðxi�1; t1Þ þ a � wðxi�1ÞÞ

þ ka

Cðaþ1Þ �
U 00ðxiÞ

ga
� 2ja

h2


 �
� wðxiÞ þ 1

2h
U 0ðxiÞ

ga
þ ja

h2


 �
� wðxiþ1Þ


 �
;

P Pr
h;kðxL�1; t1Þ ¼ wðxL�1Þ þ ka

Cðaþ1Þ �
U 00ðxL�1Þ

ga
� 2ja

h2


 �
� wðxL�1Þ

þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxL�1Þ
ga


 �
� P Pr

h;kðxL�2; t1Þ þ a � wðxL�2Þ

 �

þ ka

Cðaþ2Þ � 1
2h

U 0ðxL�1Þ
ga
þ ja

h2


 �
� ðu2ðt1Þ þ a � u2ð0ÞÞ;

8>>>>>>>>>><>>>>>>>>>>:

where i ¼ 1; 2; . . . ; L� 2, and P Pr

h;kðx0; t1Þ ¼ u1ðt1Þ.
The starting (first) corrector step has
P h;kðxi; t1Þ ¼ wðxiÞ þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxiÞ
ga


 �
� P h;kðxi�1; t1Þ þ a � wðxi�1Þð Þ

þ ka

Cðaþ2Þ �
U 00ðxiÞ

ga
� 2ja

h2


 �
� ðP Pr

h;kðxi; t1Þ þ a � wðxiÞÞ

þ ka

Cðaþ2Þ � 1
2h

U 0ðxiÞ
ga
þ ja

h2


 �
� ðP Pr

h;kðxiþ1; t1Þ þ a � wðxiþ1ÞÞ;

8>>>><>>>>:

where i ¼ 1; 2; . . . ; L� 1, P h;kðx0; t1Þ ¼ u1ðt1Þ, and P Pr

h;kðxL; t1Þ ¼ u2ðt1Þ.
The remaining predictor and corrector steps are given as follows. The remaining corrector steps are
P h;kðxi; tnþ1Þ ¼ wðxiÞ þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxiÞ
ga


 �
�ðP h;kðxi�1; tnþ1Þ þ ð2aþ1 � 2Þ � P h;kðxi�1; tnÞÞ
þ ka

Cðaþ2Þ �
U 00ðxiÞ

ga
� 2ja

h2


 �
� ðP Pr

h;kðxi; tnþ1Þ þ ð2aþ1 � 2Þ � P h;kðxi; tnÞÞ

þ ka

Cðaþ2Þ � 1
2h

U 0ðxiÞ
ga
þ ja

h2


 �
� ðP Pr

h;kðxiþ1; tnþ1Þ þ ð2aþ1 � 2Þ � P h;kðxiþ1; tnÞÞ

þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxiÞ
ga


 �
� tempi�1 þ

U 00ðxiÞ
ga
� 2ja

h2


 �
� tempi


 �
þ ka

Cðaþ2Þ � 1
2h

U 0ðxiÞ
ga
þ ja

h2


 �
� tempiþ1;

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

where i ¼ 1; 2; . . . ; L� 1, P h;kðx0; tnÞ ¼ u1ðtnÞ, P h;kðx0; tnþ1Þ ¼ u1ðtnþ1Þ, P h;kðxL; tnÞ ¼ u2ðtnÞ, and
P Pr

h;kðxL; tnþ1Þ ¼ u2ðtnþ1Þ.
The remaining predictor steps have
P Pr
h;kðxi; tnþ1Þ ¼ wðxiÞ þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxiÞ
ga


 �
� P Pr

h;kðxi�1; tnþ1Þ þ ð2aþ1 � 2Þ � P h;kðxi�1; tnÞ

 �

þ ka

Cðaþ2Þ � ð2
aþ1 � 1Þ � U 00ðxiÞ

ga
� 2ja

h2


 �
� P h;kðxi; tnÞ þ ka

Cðaþ2Þ � ð2
aþ1 � 1Þ � 1

2h
U 0ðxiÞ

ga
þ ja

h2


 �
�P h;kðxiþ1; tnÞ þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxiÞ
ga


 �
� tempi�1 þ U 00ðxiÞ

ga
� 2ja

h2


 �
� tempi


 �
þ ka

Cðaþ2Þ � 1
2h

U 0ðxiÞ
ga
þ ja

h2


 �
� tempiþ1;

P Pr
h;kðxL�1; tnþ1Þ ¼ wðxL�1Þ þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxL�1Þ
ga


 �
� P Pr

h;kðxL�2; tnþ1Þ þ ð2aþ1 � 2Þ � P h;kðxL�2; tnÞ

 �

þ ka

Cðaþ2Þ � ð2
aþ1 � 1Þ � U 00ðxL�1Þ

ga
� 2ja

h2


 �
� P ðxL�1; tnÞ þ ka

Cðaþ2Þ � 1
2h

U 0ðxL�1Þ
ga
þ ja

h2


 �
�ðu2ðtnþ1Þ þ ð2aþ1 � 2Þ � u2ðtnÞÞ þ ka

Cðaþ2Þ �
ja

h2 � 1
2h

U 0ðxL�1Þ
ga


 �
� tempL�2

þ ka

Cðaþ2Þ
U 00ðxL�1Þ

ga
� 2ja

h2


 �
� tempL�1 þ ka

Cðaþ2Þ � 1
2h

U 0ðxL�1Þ
ga
þ ja

h2


 �
� tempL;

8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:

where i ¼ 1; 2; . . . ; L� 2; P Pr

h;kðx0; tnþ1Þ ¼ u1ðtnþ1Þ; and P h;kðx0; tnÞ ¼ u1ðtnÞ.
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